The split-step Padé algorithm due to Collins [J. Acoust. Soc. Am. 93, 1736Am. 93, -1742Am. 93, (1993] provides a fast and accurate method for solving the parabolic equation (PE). The formal solution to the PE propagator, which involves the pseudo-differential operator (1+X)^1/2, is replaced by an [n/n]-Padé rational approximant. This approximant can be expanded either as a product or a sum of rational-linear terms, each term leading to a tridiagonal system of equations in X which is readily solved numerically. To ensure adequate suppression of undesirable contributions from the evanescent part of the spectrum (X<-1), stability constraints must be imposed. In contrast to this approach, we follow the suggestion of Lu and Ho [Optics Lett. 27, 683-685 (2002)] and examine the use of an [n-1/n]-Padé approximant that inherently dampens these evanescent components of the spectrum. An algorithm for generating the necessary coefficients is described. Transmission losses computed using both rational approximants are compared for a typical shallow-water configuration.
INTRODUCTION
One-way parabolic equations (PEs) that result from factoring the 2-D acoustic wave equation are routinely used for making numerical predictions of sound propagation in the ocean (see Jensen et al. [1] and the references therein). PE models are first-order in the range coordinate r and, as a result, admit numerically efficient solution procedures that march the depth-dependent field vector outward in range in a step-by-step manner. Because of this marching process, PE models have the inherent capability for treating forward wave propagation in ocean waveguides where the material properties (sound speed c, density ρ and absorption α) vary weakly along the direction of propagation. For shallow water applications, where the sea bottom can significantly affect propagation, the larger variations of material properties along the transverse depth coordinate z (reckoned positive downward from the ocean surface) are readily treated using finite-difference representations.
A fundamental aspect of the parabolic equation procedure is the construction of a suitable approximation to the propagator matrix that advances the z-dependent field vector in range from r to r + ∆r. This requirement is necessary since the exact propagator depends on the square-root of the pseudo-differential operator 1 + X which is not amenable to direct numerical implementation. To this end, an [M/M]-Padé expansion of 1 + X comprising a series of rational-linear terms in X was introduced by Collins [2] and successfully applied to some benchmark acoustic propagation problems. Analytic expressions for the real series coefficients were based on those provided by Bamberger et al. [3] that were derived previously by Zhang [4] . The phase accuracy of this square-root approximation improves as the number of terms used in the series is increased. A drawback to this representation, however, is that this Padé series does not attenuate the energy in the evanescent (X < −1) part of the spectrum of the propagator. Consequently, numerical instabilities can arise in the solution, especially for range-dependent waveguides where conversion of energy is possible between propagating (X > −1) and evanescent regimes.
In order to prevent these numerical artifacts, Collins et al. [5, 6] imposed a constraint on the Padé coefficients to ensure that the lower left quadrant of the complex plane was mapped into the upper half of the complex plane. The resulting nonlinear system of equations satisfied by the complex series coefficients was solved iteratively using Newton's method. In this context, two other procedures have been proposed for preventing instabilities in the evanescent regime. By rotating the branch of 1 + X into the lower half plane, Milinazzo et al. [7] determined new complex Padé series expansion coefficients analytically. For a sufficient number of terms in the series, very accurate behaviour of the propagator in the region X < −1 can be achieved. In contrast, Lu [8] obtained rational approximations of 1 + X with positive imaginary parts by seeding a rational recursion formula with iβ, β > 0. By varying the magnitude of the parameter β, the amount of damping in the evanescent regime can be traded off against the accuracy in the propagating regime.
Substituting an [M/M]-term Padé series approximation for 1 + X into a single-term, rational-linear, finite-difference representation of the PE propagator leads to a sequence of M tri-diagonal linear equations to be solved recursively for each range step ∆r. The second-order accurate approximation to the propagator restricts the step-size that can be used in the marching algorithm to be a small fraction of the acoustic wavelength λ. This limitation in step-size was overcome by the development of the split-step Padé PE approximation by Collins [9, 10] . In this case, a constrained [M/M]-Padé approximation is applied directly to the PE propagator and has the effect of reducing numerical errors in the propagator approximation as well as the phase errors associated with the square-root operator. The resulting propagator series allows for range-step sizes much greater than an acoustic wavelength to be used, both for far-field and near-field applications [11, 12] .
There is an alternate way to construct a direct approximation to the PE propagator which exhibits the desired damping effect for the evanescent energy. Levy [13] 
BASIC THEORY
A variety of parabolic equations in underwater acoustics can be obtained from the general one-way form, ∂ψ
Here, ψ(r, z) is related to pressure p(r, z) via ψ = p r exp(−ik 0 r) where k 0 = ω/c 0 is a suitable reference wavenumber and X is a depth-dependent operator given by
N = n(1 + iα) and n = c 0 /c is the refractive index. Equation (1) holds in a range-independent (i.e., layered) waveguide. Range-dependent variation of material properties in an oceanic waveguide is conveniently represented numerically as a series of adjacent range-independent sections (i.e., a staircase model) with different values of c(z), ρ(z) and α(z) in each section.
Within each range-independent section of width ∆r, Eq. (1) has the formal solution
where δ = k 0 ∆r. In Eq. (3), the material properties of X are assigned values at the mid-point of the section, i.e., at r + The first multiple-term, Padé series expansion of the square-root operator was introduced to the ocean acoustics literature by Collins [2] in the form
where the coefficients a m and b m are given analytically by [3, 4] 
Substituting Eq. (4) into Eq. (3) yields the propagator representations
where c
To obtain the rightmost approximation to the propagator, the exponential in each preceding product was replaced by its second-order accurate Cayley form. In order to maintain sufficient accuracy as a function of range, δ is required to be sufficiently small, in practice a fraction of an acoustic wavelength λ. It is evident from Eq. (3) that this approximation leads to a recursive solution in terms of M systems of equations of the form
where ψ 0 (r, z) ≡ ψ(r, z) and ψ M (r, z) = ψ(r + ∆r, z) for m = 1, . . . , M. It is also clear that since the coefficients a m and b m are real that the approximate form of the propagator has unit modulus for X < −1, i.e., there is no damping of the propagator in the evanescent regime.
In order to introduce some damping into the approximate PE propagator when X < −1 that is more consistent with the behaviour of the exact propagator, Collins et al. [5, 6] added a constraint to the Padé series of the square-root operator by requiring the series to agree with that of the exact propagator at a point X = −3, say. The resulting nonlinear system of equations satisfied by the Padé coefficients were obtained iteratively using Newton's method. Although the constrained propagators exhibited the required damping for X < −1, the PE propagators that were obtained still require that ∆ < λ in practice.
To overcome this restriction on range step-size, Collins [9] 
The expansion in Eq. (8) greatly reduces the numerical errors in the propagator approximation compared to that obtained with the single rational-linear Cayley form. At the same time, the phase errors in the behaviour of the square-root operator are kept small. As a consequence, very large range step-sizes are possible, in practice exceeding an acoustic wavelength, provided M is sufficiently large. With this method, the constraint on the propagator is still necessary to ensure that its amplitude is less than unity when X < −1.
In contrast to Collins' approach, we apply an [M − 1/M]-Padé series representation to dampen the acoustic propagator of Eq. (8) in the evanescent regime. This approach was first recommended by Levy [13] for radar scattering applications and then by Lu and Ho [14] for beam propagation in optical fibers. In addition, we use a standard linear system of equations method for determining the polynomial coefficients of an [L/M]-Padé representation to a function f (ζ) as described by Baker and Graves-Morris [15] . Given a power series for f (ζ), where ζ is a complex variable,
we define the [L/M]-Padé approximant as a ratio of polynomials P(ζ) and Q(ζ) of degrees at most L and M respectively, such that
where
and With b 0 is set to 1 to fix the scale, the Padé condition in Eq. (10) may be rewritten as
Substituting Eq. (9), Eq. (11) and Eq. (12) into Eq. (13) and equating corresponding powers of ζ yields a system of M linear equations for the coefficients of Q M (ζ), from which the numerator P L (ζ) coefficients may be constructed. In matrix form we have
, and y i = −c L+i for i = 1, 2, . . . , M. Once the b-coefficients are determined, the numerator a-coefficients are determined by substituting the computed bs into
To determine the coefficients of the [M − 1/M]-Padé approximant to exp iδ −1 + 1 + X , the MacLaurin series coefficients up to 2M terms are required. These coefficients can be obtained numerically by means of a recursion formula. Setting c 0 = 1 and c 1 = 
EXAMPLE
To illustrate the behaviour of the PE propagator formed from its [M − 1/M]-Padé approximant, Fig. 1 shows its amplitude as a function of X for the case M = 8 for the parameters ∆r = 20 m, f = 100 Hz and a reference sound speed of 1500 m/s. These values correspond to δ = 8.378 and λ = 15 m. It is seen that the amplitude is damped within the evanescent regime X < −1 and undergoes little attenuation in the physically meaningful part of the propagation regime X > −1. In addition, since ∆r > λ, calculations with this PE propagator are not only stable, they are also more efficient numerically than those based on the Cayley form.
